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Abstract

The effects of recycle at the ends on the heat transfer through a concentric circular tube with uniform wall fluxes are studied analyt-
ically by an orthogonal expansion technique with eigenfunction power series expansion. The heat transfer problem is solved for fully
developed laminar velocity profiles in a double-pass circular heat exchanger with ignoring axial conduction and fluid properties of tem-
perature independence. Analytical results show the external recycle can enhance the heat transfer efficiency compared with that in an
open tube (without an impermeable circular tube inserted and without recycle). The compensation between the forced-convection incre-
ment and heat-transfer driving force decrement are used to study the heat transfer behavior. The effects of the impermeable-tube location
on heat transfer efficiency enhancement as well as the power consumption increment have been also discussed.

© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Under the assumption of the negligible axial conduction
or diffusion, the problem of heat or mass transfer at steady
state is known as the classical Graetz problem [1,2]. The
conjugated Graetz problem refers to the original problem
coupling through mutual conditions with two or more
contiguous phases or streams by conjugating the governing
equations in each phase (or each stream) [3-9]. The
conjugated Graetz problems have been successfully
reduced to Sturm-Liouville systems and studied analyti-
cally, and would be indeed of practical and theoretical
importance.

Some authors have reported that the recycle effect were
investigated numerically [10,11] and theoretically [12-14]
and has large influences on heat and mass exchangers
which in turn play an important role in the device perfor-
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mance. According to the results of the device with recycle,
increasing the fluid velocity due to the external recycle in
double-pass heat and mass exchangers enhances the trans-
fer coefficient of the desired effect. In contrast, the recyclic
operation also produces an undesired effect of preheating
(or premixing) by reducing the temperature (or concentra-
tion) driving force. Previous literatures suggested that the
desirable effect of increasing the convective transfer coeffi-
cient suppresses the undesirable effect of decreasing the
transfer driving force in double-pass operations, resulting
in improved device performance. In fact, many separation
processes and reactor designs in chemical engineering were
widely used in absorption, fermentation and polymeriza-
tion for countercurrent operations with internal or external
recycle at the ends of the device, such as such as loop reac-
tors [15,16], air-lift reactors [17,18] and draft-tube bubble
columns [19,20].

Recently, we have investigated theoretically the recycle
effects on the heat or mass transfer rate to the problem with
prescribed wall temperature or concentration (Dirichlet
problem). The present study is an extension of the work


mailto:cdho@mail.tku.edu.tw

C.-D. Ho, S.-C. Yeh | International Journal of Heat and Mass Transfer 49 (2006) 2020-2032 2021

Nomenclature

a constant defined by Eq. (20)

a,, a3 integration constants in Egs. (22) and (24)
by constant defined by Eq. (21)

b,, by integration constants in Egs. (23) and (25)
1 constant defined by Eq. (66)

C, heat capacity, J/kg k

D hydraulic mean diameter, m

dn coefficient in the eigenfunction F, ,,

Cn coefficient in the eigenfunction F, ,,

F,, eigenfunction associated with eigenvalue 4,,
g conversion factor kg m/s* N

Gz Graetz number, 4V/oxL

G, function defined during the use of orthogonal

expansion method

h average heat transfer coefficient, kW/m? K

he friction loss in conduit, m?/s?

H functions defined by Egs. (20) and (21)

Iy, heat transfer improvement, defined by Eq. (78)

I, power consumption increment, defined by Eqgs.
(80) and (81)

k thermal conductivity of the fluid, kW/m K

L conduit length, m

M recycle ratio, reverse volume flow rate divided
by input volume flow rate

Nu Nusselt number

P hydraulic dissipated energy, hp

Pr Prandtl number

q" heat flux, defined by Egs. (7), (61), (70) and (73),
W/m?

R inside radius of the outer tube, m

r radial coordinate, m

Re Reynolds number

S expansion coefficient associated with eigenvalue
/’Lm

T temperature of fluid, K

V input volume flow rate of conduit, m’/s

v velocity distribution of fluid, m/s

W1, W, constants defined in Eq. (7)

z axial coordinate, m

Greek symbols

thermal diffusivity of fluid, m?/s
thickness of impermeable sheet, m
transversal coordinate, /R

defined by Eq. (12)

channel thickness ratio

eigenvalue

fluid viscosity, kg/m s

longitudinal coordinate, ¢ = z/(L Gz)
fluid density, kg/m’

define in Eq. (12)

dimensionless temperature, k(T — T;)/¢"R
dimensionless bulk temperature of
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Subscripts

inner channel

annulus channel

at the outlet of a double-pass device
at the inlet

at the end of conduit, ¢ = 1/Gz

in a single-pass device without recycle
at the wall surface

so-~mao e

of Ho et al. [21] to include the case of the Neumann bound-
ary condition for the conjugated Graetz problem of which
the heat flux at the tube wall has been specified. It is
believed that the availability of such a solution methodol-
ogy as developed here for concentric circular tubes with
more general boundary conditions is the value in the pres-
ent work and will be a straightforward manner design and
analyze multistream or multiphase problems with recycle
coupling mutual conditions at the boundaries.

The purposes of the present study are: (a) to provide the
solution to the conjugated Graetz problems for the system
in which the uniform energy fluxes at the walls are speci-
fied; (b) to study theoretically the recycle effect on the
transfer efficiency enhancement in a double-pass heat
exchanger. Therefore, the analytical solution obtained is
as simple in form and the procedure unquestionably occurs
in dealing with many further possible boundary conditions
to the corresponding conjugated Graetz problem.

2. Mathematical formalisms

An impermeable sheet with negligible thickness é (<2R)
and thermal resistance is inserted in parallel as the inner
tube with diameter of 2x R, which is to divide a open circu-
lar tube with length L and inside diameter 2R into two
parts, inner and annular channels, as shown in Fig. 1(a)
and (b) for flow patterns A and B, respectively. Under this
design condition, before entering the inner tube for a dou-
ble-pass operations (flow pattern A), as shown in Fig. 1(a),
the fluid with volumetric flow rate 7" and the inlet temper-
ature 7; will mix with the fluid of volumetric flow rate MV
exiting from the annular channel. Counter-current flow is
achieved with the aid of conventional pump situated at
the end of the inner channel and the flow rate then may
be regulated. The inlet fluid may flow through the annular
channel with premixing the external recycle exiting from
the inner channel (flow pattern B), as shown in Fig. 1(b).
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Fig. 1. Schematic diagrams of double-pass concentric circular heat exchangers with external recycle at both ends.

In each flow pattern, the fluid is completely mixed at the —_ M+1V a MV
inlet and outlet of the tube. O a(kR)?
After the following assumptions are made in this analy-

sis: constant physical properties and uniform heat fluxes on for Flow Pattern A ()
the outer tube; fully-developed laminar flow in the entire MV - (M+ 1)V
length in each channel; negligible entrance length, end  Va = — W and T, = m
effects and axial conduction; negligible thickness and ther-
mal resistance in the impermeable sheet, the equations of for Flow Pattern B (6)
energy in dimensionless form in terms of temperatures,
T, and T, and velocity distributions in the inner channel in which
and annulus, v, and v, may be written as
5 o E - z o k(Ta — Ti)
Ua(”)R alpa(”la .) _ na‘ﬂ (’7’ ) (1) h= R’ é - L - GZ’ lﬁa - q”R )
LGz  Of 6;7 on
4 2

0o ()R (0.8 _ Wy (1,6) o we=tDoT) [I—_K . I—_K] |

aLGz o an TR q'R =2 Ing
va(n)2v_a<l—(n)2> 0<n<x 3 w,= 1-r Gz = Prepr = 4 7)

K Inl/k)’ L nol

ve(n) = 20 1—np+Wyng k<<l (4) The boundary conditions for solving Egs. (1) and (2)

W arc



C.-D. Ho, S.-C. Yeh | International Journal of Heat and Mass Transfer 49 (2006) 2020-2032 2023

0, (0,¢)
on
Oy (1,¢)

Polls) g
on )
Ok, &) _ (k&)
on on
Va(re, &) = Yy (1, 9) (11)
The technique is introduced that remove the inhomoge-
neous boundary condition (Eq. (9)) so that they can be
treated by extending the method of eigenfunction expan-

sions. The formal solution can be found by linear super-
position as follows:

lpa(”? é) = (,Zsa(”], f) + 63(’77 é) (12)
Vo1, €) = b (1, &) + Ou (1, &) (13)

=0 )

(10)

2.1. Asymptotic solution of inhomogeneous boundary
conditions

s
i i G T
%3,@ —0 (16)
%’1{5) _1 (17)
aeag;, 8 _ 69bé;, <) (18)
0u(1,) = On(1,) ")

The rising of the fluid temperature is linear in ¢ with the
assumption of the fluid being sufficiently far downstream
from the inlet of the heated section. Hence solutions of
the following forms of 0,(#, §) and 0y(n, £) seems reasonable

0a(n,&) = a1+ Ha(n) (20a)

and
1

o0, ) = b1 (=€) + sl (20b)

for flow pattern A, and

0u01.8) = an (g~ €) + 1) 21
Z

and

0b(n, &) = bi&+ Hy(n) (21b)

in which a; and b, are constants to be determined
presently.

Substituting Egs. (20) and (21) into Egs. (14) and (15)
and integrating twice of the resultant equations gives

Flow Pattern A

al(M—l— 1)

Ha(naé) =a{+ 2t

2,
i —1—6+a21n17+a3 (22)

1 bM
Op(1n,&) = by (Ez_£> +m

1 1 W,
X [an — 16” +—11 *(Iny —1) +b21n17+b3]
(23)
Flow Pattern B

1 aM (K>, nt
9a(’77é):al<§_é) +W(Z” —R‘Fazlnﬂ—i-aa

(24)
B biy(M+1)
Hb(’% 5) - blé+2W1(1 _ KZ)
1 1 W
X {Z = 611 +— (1n17—1)+b21n11+b3}

(25)

in which a,, a3, b, and b3 are integration constants.

2.2. Expansion in terms of eigenfunctions of the
homogeneous problem

The functions ¢,(n, &) and ¢p(n, £) in Egs. (12) and (13)
will be damped out exponentially with ¢ and the associated
boundary conditions are

0¢,(0,¢)
T =0 (26)
0y (1,8)
bT =0 (27)
0, (15, &) _ Oy (x, €)

oy b@r, (28)
d)a(K’ é) = ¢b(K7 é) (29)

We anticipate that the solutions to the equations for
da(n, &) and ¢y(n, ) will be expanded in terms of the eigen-
functions to obtain an explicit solution

3

3,01, = D SunFun(1) G0 (30)
z%:SbmFbm m é) (31)

Applied to the governing equations of ¢,(n, &) and ¢(1n, )
leads to

G(&) = e (&%) (32)
1" F;,m('/l) vd(n)Rz)Lm _
Fam(”) + n - ol Gz de('/l) =0 (33)
F/ m Rz)hm
Fy,,(n) +— n(”) - Ean) G Fonln) =0 (34)
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and also the boundary conditions in Egs. (26)—(29) can be
rewritten as

F,,(0)=0 (35)
Fyn(1) =0 (36)
SamF (1K) = Souf, (1) (37)
SamFam(K) = SpuFom(K) (38)
combination of Egs. (37) and (38) yields

Fin(K)  Fi,(x)

Fun®) ~ Fonls) )

in which the eigenfunctions F, () and Fy () are as-
sumed to be polynomials to avoid the loss of generality.
With Egs. (35) and (36), we have

n) = denn",
Fbm Zemnn )

Substltutmg Egs. (40) and (41) into Egs. (33) and (34), all
the coefficients d,,, and e,,, may be expressed in terms of
Am» as referred to in Appendix A, and the eigenfunctions
associated with the corresponding eigenvalues are also well
defined by Egs. (40) and (41). The mathematical treatment
is similar to that in the previous work [21] with the ortho-
gonality conditions when n # m as follows:

K ‘RZ
/ |:Ll7a:| Sa,mSa«,n”]Fa.mFa,n d77
0

dyo =1 (selected), d,; =0 (40)

dyo =1 (selected), d,; =0 (41)

-o- Gz

! Uy -R2
+ /C L0 Gz Sbme,n”]Fb,mFbﬁ d;” =0 (42)

2.3. Complete solution of double-pass concentric tubes
with recycle

Substitution of Egs. (22), (23) for flow pattern A (or Egs.
(24), (25) for flow pattern B) and Egs. (30), (31) with the use
of boundary conditions Egs. (8)—(11) give a set of simulta-
neous equations to solve the constants a;, a, and a3 for sub-
channel ¢ and b4, b, and b5 for subchannel b as follows:

ay = 0 (43>
biM _
M+1
SamF;m( )Gm(é) +%
§ biM
_ ’ L
= SomFh (1K) Gu (&) + =@,
1, 1 b,
x(;c—yc +W2<KIHK—§K)+;> (45)
al(M+ 1) 3K4
SamFam(M)Gn(E) +aré + —oa <ﬁ +aInk + a3
B 1 biM
- Sb,mFb,m(n>Gm(é) + bl (@ - é) + 2W1(1 _ K2)

2i(Ink — 1) + bylnk + m} (46)

for flow pattern A, and

a =0 (47)
b(M+1
8(1(— Kz)w)/l +[(1=W2) +b] =1 (48)
’ alM
Saml s u(K)Gn($) +§
_ 4 bl(M‘|‘ 1)
= Spul,,(K)Gn(E) + a1 — )W,
L 1 by
X (K—EK +W2<K11’1K—§K)+;> (49)
SunFun()Ga(E) + a (éz - éf) al (31 C bl a3>
bl(M+ 1)

= Sb,mFbm(’/])Gm(é) + blé +

% |:1K _i +W2K2(11‘1K—1)+b2111’€+b3:| (50)

2w (1 — 2)

4° 16" T a

Accordingly, once all the constants in Egs. (22) and (23)
for flow pattern A (or Egs. (24), (25) for flow pattern B)
and Egs. (30), (31) were obtained, the dimensionless inlet
and outlet temperatures for double-pass operations were
thus obtained in terms of the Graetz number (Gz), eigen-
values (4,,, and ,,,), expansion coefficients (S,,, and
Sb.m), the location of the impermeable sheet (x) and eigen-
functions (F, ,,(17.) and Fy ,,(11v)). The dimensionless outlet
temperature Y is referred to as the bulk temperature, may
be calculated

Jy va2nR2ny, (n, &) dn
V(M + 1)

—<<>><—>}

lﬁF:

or
Vg = — ﬁcl sznszb.,m (”’é) dn
F VM
1 o~ St '
= {_8 2 7 K Pl

/’f —aM
0 Wl(lsz)

for the flow pattern A, and
= Jy va2nRony, (n, ) dn
Ve =

-+ W, lnn)n9b<n, )dn}

(52)
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or

g Jo 02m R (1,35) d
.

V(M +1)

o0
Sbm

o e {82 L)

Y 4MH+1)
— (1 - 1
’ 0 Wl(lsz)( rA W H’?)’Wh(’% )dr]}
(54)
for flow pattern B, and may be examined using Eq. (55)

which is readily obtained from the following overall energy
balance in the outer tube

pC,V(Tg —T;) = /L q"'(2nR)dz (55)
0
or
8
Y = Gz (56)

In Eq. (55) the left-hand side refers to the net outlet
energy while the right-hand side is the total amount of heat
transfer from the outer tube into the fluid. The dimension-
less mixed inlet temperature is calculated after the coeffi-
cients, S, ,, and Sy, are obtained as follows:

— [ vs27R2 (1, 0)dy + V- 0
V(M1 1)

1 e Sh
(M) {_82 o

m=0

¥,(n,0) =

K Fy, (1))

£ —4AM
-, m“—"2+Wz~lnn>n0b<n,o>dn}
s

for flow pattern A. Similarly, for flow pattern B (57)
.0 = o UaanVTL(Z’l))dn —
“aren { i Sun i, 0)
+f wre (1 - (g)z)w,%o)dn}
(58)

2.4. Single-pass devices without recycle

For a single-pass operation of the same size without
recycle, that is, the impermeable tube in Fig. 1(a) and (b)
is removed, and thus ¥ = 1 and 0, respectively. The velocity
distribution and equation of energy in dimensionless form
may be written as

Uo(”I)R2 61#0(717 ) _ Wy(n,€)
WGz O {& <" o ﬂ %)
2
wi) =25 (-7 0<g<1 (60)
_r ez _KT Ty 4r
n_§7 é_L'GZ7 Wo— q,,R ) Gz = (an (61)

The initial and boundary conditions for solving Eq. (59)
are

(0,8)
—a =0 (62)
Yo(n,0) =0 (64)

The calculation procedure for a single-pass operation is
rather simpler than that for double-pass ones in the previ-
ous section by linear superposition as follows:

Oo(n, &) = c1& + Ho(n) (66)
=3 SouFon(1)Gul®) (67)

The result gives the asymptotic solution and of the
dimensionless temperature as a function of the dimension-
less radial and axial coordinates
o(n.8) = 8 + 07 — ' — o0 (68)

N 4" 24
while the homogeneous part, Eq. (67), of the dimensionless
outlet temperature for a single-pass operation (6y ) was
evaluated in terms of the Graetz number (Gz), eigenvalues

(Z0.m), expansion coefficient (Sj,) and eigenfunctions
(Fo.m(n)) as follows:

fo 17027TR2’7¢0 1/’7 - SOm /
lpOF - % mz:% /Im FO m

+/Omm — i+ W 1nn)n00<11, )dﬂ}
(69)

and may be examined using Eq. (70), which is readily
obtained from the following overall energy balance in the
outer tube

2n
q"(2nRz) :/0 /0 pC,(T — Ti)v.rdrd0 (70)
or
1 1
5:5/0 0o(n, &)(1 = n*)ndn (71)
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3. Heat-transfer efficiency improvement

The average Nusselt number for double-pass operations
with recycle may be defined as

_H(2R) _ D

and the average heat transfer coefficient is defined as

q"(2nRL) = VpC,(Ty — T))
= h(2nRL)[Ty — (T + T3)/2] (73)
in which
L
_ Tw(R,z)dz
7o = h n®2) (74)
L
or
ljl _ VpCp(TF — Tl)
nRL(2Ty — Ty — T})
Ty — T,
nRL[2(Ty — T;) — (Tg — T})]
thus
(4Gz /Gy dé) 2
= 1/Gz G l//F (76)
(4G=- 3/ (1, ©)de) = 20
Similarly, for a single-pass operation
_ Gz -
NMO = ]/GZZ l//()’F
(4G=+ 3/ o, dE) = 200
Gz -
Z ‘;DOF (77)

(4G T 00, (1.2)02) — 200

Based on a single-pass operation, the device perfor-
mance improvement by employing a double-pass operation
with recycle is best illustrated by calculating the percent
increase in heat-transfer rate, based on the heat-transfer
rate of single-pass operations without recycle of the same
working dimensions and operating conditions as

C.-D. Ho, S.-C. Yeh | International Journal of Heat and Mass Transfer 49 (2006) 2020-2032

4Gz - I/GZ‘//Ob( a@dé—z‘pw

Gz - [}/ (1,8)dé — 24

ok
S

1 (78)

4. Results and discussion

The energy equation of laminar counterflow concentric
circular heat exchangers with external recycle under uni-
form wall fluxes was developed theoretically. The complete
solution was found theoretically by linear superposition by
using the asymptotic solution inhomogeneous boundary
conditions and the orthogonal expansion technique with
the eigenfunctions of the related homogeneous problem.
Table 1 illustrates the dominant eigenvalue and their asso-
ciated expansion coefficients in calculating the Nusselt
number for k =0.7, M =5 and Gz =1, 10, 100 and 1000.
The results in Table 1 show that only the first negative
eigenvalue is needed during the calculation procedure due
to the rapid convergence.

4.1. Heat transfer efficiency in double-pass devices of flow
pattern A

Comparisons of dimensionless wall temperatures,
Up(1,&) and Yo(1, &), as well as average Nusselt number,
Nu and Nuy, were calculated and represented in Figs. 2-4.
Fig. 2 shows that another more practical form of mixed
dimensionless inlet temperature ¥, (0) vs. Gz with recycle
ratio M and subchannel thickness ratio k as parameters
while Fig. 3 for the theoretical average Nusselt number
Nu and Nuqg vs. Gz with x and M as parameters. The mixed
dimensionless inlet temperature increases with the amount
of the recycle fluid (or recycle ratio) for the dimensionless
outlet temperature kept at g = 8/Gz, as shown in Eq.
(56), and hence the mixed dimensionless inlet temperature
increases with the amount of the recycle fluid (or recycle
ratio). Accordingly, it is shown in Fig. 2 that the dimen-
sionless inlet temperature of fluid after mixing the recycle
fluid increases with recycle ratio and with decreasing sub-
channel thickness ratio but decreases with Graetz number.
The application of the recycle-effect concept to heat
exchangers creates two conflicting effects: the desirable
effect of increasing convective heat-transfer coefficient
and the undesirable effect of decreasing temperature
gradient. The desirable effect of convective heat-transfer

Table 1

Eigenvalues and expansion coefficients as well as average Nusselt number in double-pass devices (Flow pattern A) for k =0.7 and M =5

Gz m /1,,, Sa.m Sb,m a ar as bl bz b3 m(}l) ]W(il,/lz)

1 1 —0.82 —59x%1071® —1.1x1078 1.36 0 0.37 —0.03 —0.33 —3.36 0.25 0.25
2 —2.40 6.8x107" 6.2x 1072 1.36 0 0.37 —0.03 —0.33 —3.36

10 1 —0.82 8.3x1071° —8.6x10718 0.07 0 0.84 1.51 0.12 0.18 2.01 2.01
2 —2.40 —33x1071 —1.9%x107% 0.07 0 0.84 1.51 0.12 0.18

100 1 —0.82 54x10716 54x10716 —0.08 0 —0.10 1.70 0.12 0.17 9.91 9.91
2 —2.40 —73%x1071 —41x107% —0.08 0 —0.10 1.70 0.12 0.17

1000 1 —0.82 —1.1x107% 22x1071° —0.10 0 —0.02 1.72 0.12 0.17 16.44 16.44
2 —2.40 —32x1071 —19%x107% —0.10 0 —0.02 1.72 0.12 0.17
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Fig. 2. Dimensionless inlet bulk temperatures of fluid after mixing vs. Gz
with x and M as parameters (flow pattern A).

coefficient increases when the recycle ratio, channel thick-
ness ratio and Graetz number rise. The reason why the
desirable effect increases with increasing the channel thick-
ness ratio ¥ may be considered as that the enhancement of
convective heat-transfer rate due to increasing the flow
velocity in the annular channel, where the fluid is heated,
is more effective than that in the inner channel. Conse-
quently, the increment of the convective heat-transfer coef-
ficient can compensate the decrement of the undesirable
effect of decreasing temperature gradient to make the
dimensionless outlet temperature equal to Y =8/Gz. It
is also found that the same tendency of change of the aver-
age Nusselt number Nu and Nu, for both devices with and
without recycle as shown in Fig. 3. It is concluded that the
theoretical average Nusselt number increases with increas-
ing the channel thickness ratio x, Graetz number Gz and
recycle ratio M. On the other hand, (Nu — Nuy) increases
with increasing Gz and «, but the increase with Gz is limited
as Gz approaches infinite. The higher convective heat-
transfer coefficient, the larger heat removed on the outer
wall for a fixed outlet temperature. Hence, it yields in a
lower wall temperature along the axis as shown in Fig. 4.

Some theoretical predictions of the improvement in
device performance I, were given in Table 2. The minus

25

MV —

— (M+D)V

<

1 10 100 1000

Fig. 3. Theoretical average Nusselt number vs. Gz with k¥ and M as
parameters (flow pattern A).

signs in Table 2 indicate that no improvement in heat
transfer efficiency can be achieved as the channel thickness
ratio x greater than 0.3 and the Graetz number larger than
some values, say Gz > 60, and in this case, the single-pass
device is preferred to be employed rather than using the
double-pass one operating at such conditions.

4.2. Improvement in heat transfer efficiency of flow pattern B

The calculation procedures performed in flow pattern B
are similar to those in the previous section of flow pattern
A except that it is in reverse flow direction. Since the posi-
tion of the impermeable sheet has significant influence on
the heat transfer behavior, the theoretical average Nusselt
number Nu and Nu, was calculated and presented in
Fig. 5 with Graetz number Gz and channel thickness ratio
K as parameters while the percentages of the heat-transfer
efficiency improvement were shown in Table 3 with Graetz
number, recycle ratio and subchannel thickness ratio as
parameters. Fig. 5 shows that the theoretical average Nus-
selt number increase with increasing Graetz number Gz,
and subchannel thickness ratio x but decreases with
increasing recycle ratio M. Table 3 indicates that the per-
centages of the heat-transfer efficiency improvement
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Table 2
The heat-transfer efficiency improvement with the recycle ratio and subchannel thickness ratio as parameters (flow pattern A)
Iy, (%) M=1 M=3 M=5

K K K

0.3 0.5 0.7 0.3 0.5 0.7 0.3 0.5 0.7
Gz=1 —94.5 —94.5 -92.8 -90.2 —89.0 -91.7 —89.9 —88.6 -90.8
10 —61.3 —58.0 —44.8 —48.6 —42.6 —354 —45.1 -38.1 -29.3
100 —14.8 10.7 54.4 —6.1 23.5 80.5 —4.0 259 84.6
1000 —4.1 33.6 113.3 -23 35.8 123.7 -2.0 37.3 124.9
Table 3
The heat-transfer efficiency improvement with the recycle ratio and subchannel thickness ratio as parameters (flow pattern B)
I, (%) M=1 M=3 M=5

K K K

0.3 0.5 0.7 0.3 0.5 0.7 0.3 0.5 0.7
Gz=1 —44.0 —28.4 —11.3 —80.9 —78.8 -76.8 —85.3 —84.4 —83.6
10 5.9 33.1 73.7 -21.4 -8.0 9.6 -27.6 —-16.5 -22
100 7.4 48.0 134.2 2.9 39.6 114.6 1.5 37.0 108.9
1000 -14 38.7 131.2 -1.9 37.8 128.9 -2.0 37.6 128.1
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Fig. 6. Dimensionless wall temperatures vs. Gz¢& with k and M as
parameters (flow pattern B).

increase with increasing subchannel thickness ratio x but
decrease with increasing recycle ratio M. Meanwhile, the
lower wall temperature compared to flow pattern A is
obtained, if the flow pattern B is used instead of the flow
pattern A, as shown in Figs. 4 and 6. Moreover, at a
specific Graetz number, an optimal heat-transfer efficiency
improvement may be observed from Table 3.

4.3. Power consumption increment

The friction loss only the friction losses to the walls were
significant is assumed and may be estimated using

L 7

(79)

Table 4
The power consumption increment with subchannel thickness ratio as a
parameter (flow pattern A)

M I,
k=03 k=0.5 xk=0.7
1 495 68 37
3 1994 303 261
5 4499 708 693

Table 5
The power consumption increment with subchannel thickness ratio as a
parameter (flow pattern B)

M I,
k=0.3 k=0.5 k=0.7
1 131 36 90
3 1145 228 385
5 3166 591 887

The friction loss in a single-pass operation conduit is calcu-
lated using the appropriate equations and working dimen-
sions as follows: L=12m, R=02m, V=1x10"*m?/s,
p=997.08 kg/m>, u=2894x10"*kg/ms, and P,=
Voheo=1.71 % 1078, W=2.29%x10""hp in a single-pass
device. Accordingly, the power consumption increment,
I,, due to the friction losses for double-flow operations
can be readily derived as

_ P—-P, _ Vp[(M + 1)hfﬁa +thﬁb] — Vphfﬁ()
P Po Vphf"()
(M+1)° M?

- —1 80
K4 +(1_K2)(1—x)2 (80)

1

for flow pattern A, and

— MDYV
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o ‘
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n

Fig. 7. The local transversal temperature in channels ¢ and b for Gz = 10,
k=0.5and M =1, and for various axial distance Gz ¢ (flow pattern A).
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Fig. 8. The local transversal temperature in channels a and b for Gz = 10,
x =0.5 and M =1, and for various axial distance Gz ¢ (flow pattern B).

P—Py  VpMhso + (M + 1)hey] — Vpheo
Py Vphio

M (M + 1)

S (-1 k)

for flow pattern B, respectively.

Some numerical results for 7, for double-pass devices
are presented in Tables 4 and 5 for flow pattern A and flow
pattern B, respectively. From those tables the power con-
sumption increment does not depend on the Graetz num-
ber but increases with decreasing x for flow pattern A
and as x moves away from 0.5, especially for k < 0.5 in flow
pattern B. Although the power consumption increment in
double-pass operations may be as large as 4499 for
x = 0.3, the power consumption in the single-pass device
is extremely small as Py = Vphgo=2.29 X 107! hp. The
power consumption in all devices may be ignored.

I, =

—1 (81)

5. Conclusions

The theoretical study of laminar counterflow concentric
circular heat exchangers under uniform wall fluxes and

MV — /

<v

— M4V

I/ 1,

1 10 100 1000
Gz

Fig. 9. The values of Iy/I, vs. Gz with x and M as parameters (flow
pattern A).

external recycle has been investigated, and the analytical
solution of such conjugated Graetz problems was solved
by using the orthogonal expansion technique to expand
the eigenfunction in terms of an extended power series.
As an illustration the performance of improved device with
external recycle, the heat transfer rate in a single-pass
device of the same working dimension has also been evalu-
ated for comparisons. The application of the recycle-effect
concept in a circular tube can enhance heat transfer rate
(and hence lower the maximum wall temperature) of fluid
flowing through double-pass heat exchangers by inserting
an impermeable sheet with negligible thermal resistance,
as indicated from Figs. 3 and 5 and Tables 2 and 3. With
those comparisons those figures and tables, the advantage
of the present devices is evident for Gz > 50 and Gz > 30
in flow patterns A and B, respectively. Figs. 3 and 5
illustrate some calculated results of a double-pass device
without recycle with the same parameter values for
comparisons. With those comparisons, the advantages of
both present flow patterns are evident with small Graetz
number. The local transversal temperature profiles in
subchannels ¢ and b for Gz =10, k =0.5 and M =1, and
for various axial distance Gz¢ presented in Figs. 7 and 8§,
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Fig. 10. The values of Iy/I, vs. Gz with k and M as parameters (flow
pattern B).

respectively, lend credibility to the theoretical predictions
of the mathematical formulation. A comparison of Figs.
3 and 5 with Tables 2 and 3 indicates an enhancement of
heat transfer rate occurs for flow pattern B with design
and operating parameters.

Considerable improvement in heat transfer rate is
obtained if the heat exchanger is operated with external
recycle in which the enhancement of convective heat-trans-
fer coefficient is provided. However, the evaluation of eco-
nomic sense including the operating cost in the double-pass
heat exchangers with recycle, both the heat transfer
improvement [, and the power consumption increment
I,, which is presented here in the form Ih/Ip, were taken
into account in economical feasibility to suitably select
the design parameter (k) and the operating parameters
(Gz and M). The results of I,/I, with subchannel thickness
ratio and recycle ratio as parameters were shown in Figs. 9
and 10 for flow patterns A and B, respectively. Fig. 9 shows
that the values of Ih/Ip increase with increasing the sub-
channel thickness ratio x and with decreasing the recycle
ratio M for flow pattern A while Fig. 10 shows that there
exits an economical feasibility, say an optimal I,/I,, value,
in operating double-pass concentric circular heat exchang-
ers in flow pattern B.
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Appendix A

Egs. (33) and (34) can be rewritten as

Fon() *2):2 [1 - (g)z} Fam(n)=0

F{)m(”)_"_ /lm
n 2W (1 —xK?)

(A1)

F{;,m(n)—"_ (1 _n2+W2'1n7’)Fb,m('/I) =0

(A2)

in which W, = {1”‘4 — 1”‘2}, W, = (1”‘2) and the term In 5

1-x2 Inl Inl
in velocity distributions can be expressed in terms of
Taylor’s series as follows:
3 N
(n—1) (n—1)

(A.3)

Inp=mn-1)—-

Combining Egs. (A.1)—(A.3), (35), (36), (40) and (41) with
two-term Taylor series yields

dmO =1
dml =0
(M+1)
dm :7)%1
? 8?2
du3 =0
(M+1) ) dmn—4
=2+ = A4

dmn 2K2[Vl(l’l — 1) +I’l] Am dmn 2 K2 ( )
eno = 1
€ml =0

1 M IW,
m2 — T 5 /lm 1 -——=
TR W) ( 2)

1 M
€m3 = _§ W](l — Kz) j~mVVZ

M-,

=W — 1 )n(n— 1) +n— 1]

R)/% w
X |:(1 - 22> €mn—2 + 2W26mn73 - (1 + 22) emn4:|
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for flow pattern A, and

dm() =1
dn =0
M
dm = 7—;“m
: 8ic?
dys=0

dmn74
- = @ Ly — A.
dmn 2K2 [n(n — l) I I’l] j~m (dmn 2 KZ ) ( 6)

€mo = 1

€m1:0
1 (M) 30,
2= Wi _K2))""(1 _T>
1 (M+1)

ez = 5 m}um W2

B (M +1)2,,
=W (1 — k) — 1) +n — 1]

R)/4 w
X |:<1 - Tz) €mn—2 + 2W26mn73 - (1 + 72> emn4:|

(A.7)

for flow pattern B.
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